Szego kernels and a theorem of Tian by Zelditch, Steve
ar
X
iv
:m
at
h-
ph
/0
00
20
09
v1
  3
 F
eb
 2
00
0
SZEGO KERNELS AND A THEOREM OF TIAN
STEVE ZELDITCH
1. Introduction
A variety of results in complex geometry and mathematical physics depend upon
the analysis of holomorphic sections of high powers L⊗N of holomorphic line bundles
L → M over compact Ka¨hler manifolds ([A][Bis][Bis.V] [Bou.1][Bou.2][B.G][D][Don]
[G][G.S][K][Ji] [T] [W]). The principal tools have been Ho¨rmander’s L2-estimate on
the ∂¯-operator over M [T], the asymptotics of heat kernels kN (t, x, y) for associated
Laplacians [Bis][Bis.V][D][Bou.1][Bou.2][G], the method of stationary phase for formal
functional integrals [A][W] and the microlocal analysis of Szego¨ and Bergman kernels
[B.F.G][B.S][B.G]. In this note we wish to apply the latter methods, specifically the
Boutet de Monvel-Sjo¨strand parametrix for the Szego¨ kernel, to a problem in complex
geometry. Our purpose is to prove the following theorem:
Theorem 1. Let M be a compact complex manifold of dimension n (over C) and let
(L, h) → M be a positive hermitian holomorphic line bundle. Let g be the Ka¨hler met-
ric on M corresponding to the Ka¨hler form ωg := Ric(h). For each N ∈ N, h in-
duces a hermitian metric hN on L
⊗N . Let {SN0 , . . . , SNdN} be any orthonormal basis
of H0(M,L⊗N), dN = dimH0(M,L⊗N), with respect to the inner product 〈s1, s2〉hN =∫
M hN (s1(z), s2(z))dVg. Here, dVg =
1
n!ω
n
g is the volume form of g. Then there exists a
complete asymptotic expansion:
dN∑
i=0
||SNi (z)||2hN = a0Nn + a1(z)Nn−1 + a2(z)Nn−2 + . . .
for certain smooth coefficients aj(z) with a0 = 1. More precisely, for any k
||
dN∑
i=0
||SNi (z)||2hN −
∑
j<R
aj(x)N
n−j ||Ck ≤ CR,kNn−R.
Above, Ric(h) is the Ricci curvature of h, given locally by
√−1
2pi ∂∂¯a where a = ||eL||h
is the positive function locally representing h in a local holomorphic frame eL.
This theorem has a number of corollaries. First it implies that for sufficiently large
N , there are no common zeroes of the sections {SN0 , . . . , SNdN}. Hence one can define the
holomorphic map
φN :M → CPdN , z 7→ [SN0 (z), . . . , SNdN (z)] (1)
Partially supported by NSF grant #DMS-9703775.
1
2 STEVE ZELDITCH
where [SN0 (z), . . . , S
N
dN
(z)] denotes the line thru (SN0 (z), . . . , S
N
dN
(z)) as defined in a local
holomorphic frame. Since all the components transform by the same scalar under a
change of frame, the line is well-defined. As is well-known [G.H], φN is equivalent to the
invariantly defined map
φ˜N :M → PH0(M,L⊗N)∗, z 7→ Hz := {s ∈ H0(M,L⊗N ) : s(z) = 0}. (2)
Secondly it gives an asymptotic formula for the distortion function between the metrics
hN and hFS,N , where hFS,N is the Fubini-Study metric on L
⊗N induced by φ˜N . The
following result was simeltaneously proved in the case of abelian varieties by G.Kempf
[K] and S.Ji [Ji] (with C0 convergence) and for general projective varieties (with C4
convergence) by G.Tian ([T], Lemma 3.2(i)). Heat kernel proofs were later found by T.
Bouche [Bou.1][Bou.2] and J.P.Demailly [D].
Corollary 2. Let G be any Riemannian metric on M , endow H0(M,L⊗N ) with the
Hermitian inner product induced by (G, hN ) and define the map φ˜N as above. Identify
L⊗N with the pull-back φ˜∗NO(1) of the hyperplane bundle O(1)→ PH0(M,L⊗N), and let
hFS,N be the pullback of the standard Hermitian metric on O(1). Then
hN,z
hFS,N,z
= (
N
2pi
)n|α1(z) . . . αn(z)|+O(Nn−1).
where α1(z), . . . , αn(z) are the eigenvalues Ric(h) with respect to G.
If we take the background metric G to be the Ka¨hler metric associated to the Ka¨hler
form ωg = Ric(h), then the curvature eigenvalues are all equal to one.
Third, it implies:
Corollary 3. Let ωFS denote the Fubini-Study form on CP
dN . Then:
|| 1
N
φ∗N (ωFS)− ωg||Ck = O(
1
N
)
for any k.
This statement for k ≤ 2 was the principal result of Tian ([T], Theorem A). The map
φN depends on the choice of {SN0 , . . . , SNdN} but it is easily seen that φ∗N (ωFS) does not.
This result follows formally from the preceding one by taking the curvature of both sides
of the asymptotic formula.
Our result strengthens the previous ones in two ways: First, it shows that the con-
vergence of 1N φ
∗
N (ωFS) → ωg takes place in the C∞-topology and not just in C2. This
was conjectured in [T]. Second, it shows that this convergence is just the first term of a
complete asymptotic expansion. If only the principal terms are desired, then the proof
could be simplified further: as in [Z], which treats an analogous problem in the context
of Zoll manifolds, one could obtain the principal terms by the symbol calculus of Toeplitz
operators. But we believe that the lower order terms should also be of interest.
The proof begins by expressing the maps φN and φ˜N in terms of an associated equi-
variant map ΦN on the unit circle bundle X of the dual line bundle L
∗ with respect
to the induced metric h. Roughly, this converts the holomorphic geometry of L to the
CR geometry of X . Since X is the boundary of the strictly pseudo-convex domain
D = {v ∈ L∗ : |v|h < 1} ⊂ L∗ it has a Szego¨ kernel Π(x, y) which projects L2(X) to
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the Hardy space H2(X) of boundary values of holomorphic functions in D. Under the
natural S1 action of X → M , H2(X) splits up into weight spaces H2N (X) and one has
a canonical isomorphism s → sˆ : H0(M,L⊗N) 7→ H2N (X), sˆ(z, u) = 〈u, s(z)〉 where we
write a point of X as (z, u), u ∈ L∗z, |u|h = 1 and where 〈·, ·〉 is the pairing between L
and L∗. So the basis {SN0 , . . . , SNdN} of H0(M,L⊗N ) corresponds to an orthonormal basis
{SˆN0 , . . . , SˆNdN} of H2N (X). One then gets an associated CR map of X into H2N (X)∗.
Expressed invariantly in terms of the orthogonal projection ΠN onto H
2
N (X) it is defined
by:
ΦN (x) = ΠN (x, ·) : X → H2N (X)∗. (3)
Using the canonical isomorphism above we get an essentially equivalent map Φ˜N : X →
H0(M,L⊗N )∗. (We note that these maps are well-defined even when the set ZN of
common zeroes of the sections is non-empty.) Thus for N ≫ 0 we get the diagram:
X
Φ˜N→ H0(M,L⊗N)∗ − 0
pi ↓ ↓ ρ
M
φ˜N→ PH0(M,L⊗N )∗
(4)
where pi and ρ are the canonical projections. The top arrow is well-defined for all N .
After unravelling the identifications, we find (§1) that ∑dNi=0 ||SNi (z)||2hN = ΠN (x, x)
and that 1N φ
∗
NωFS = ωg +
i
2pi ∂¯b∂b logΠN (x, x) for any x with pi(x) = z. The second
term on the right side is an S1 invariant form so we have identified it with a form on
M . The theorem is therefore equivalent to the statement that ΠN (x, x) has a complete
asymptotic expansion as N →∞ which can be differentiated any number of times. This
will follow by applying the method of stationary phase to Boutet de Monvel-.Sjo¨strand’s
parametrix for the Szego¨ projector Π(x, y)[B.S] (see §3).
The analysis of Szego¨ kernels should have other applications in complex geometry. By
studying the off-diagonal of ΠN (x, y) one can show that the maps ΦN are embeddings,
thus obtaining an analytic proof of the Kodaira embedding theorem. In a forthcom-
ing paper [S.Z], B.Shiffman and the author also use the Szego¨ kernels to show (among
other things) that the zeroes of a ‘random section’ of H0(M,L⊗N ) become uniformly
distributed as N → ∞. There are also some potential analogues in the almost complex
setting. In a recent paper [B.U], Borthwick-Uribe conjecture some results on Szego¨ ker-
nels in the almost complex setting which seem very close to what is proved here in the
complex setting. In part their motivation ( as well as ours) was to reinterpret some
constructions of Donaldson [Don] from the viewpoint of semiclassical analysis.
We thank B.Shiffman for help with the relevant complex geometry and for his and M.
Zworski’s encouragement to publish this note.
2. From line bundle to circle bundle
The purpose of this section is to convert the statements of Theorem 1 and Corollaries 2
- 3 into statements about ΠN . Before doing so let us recall why one exists in this context
and establish some notation.
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2.1. The CR setting. Let O(1)→ CPn denote the hyperplane section line bundle and
let 〈·, ·〉 denote its natural Hermitian metric. Let M ⊂ CPn be a non-singular projective
variety, let L denote the restriction of O(1) to M and let h denote the restriction of 〈·, ·〉
to L. The following proposition is well-known (it was originally observed by Grauert in
the 50’s):
Proposition 4. Let D = {(m, v) ∈ L∗ : h(v, v) ≤ 1}. Then D is a strictly pseudoconvex
domain in L.
Here L∗ is the dual line bundle to L. The boundary of D is a principal S1 bundle
X →M whose defining function is given by
ρ : L∗ → IR, ρ(z, ν) = 1− |ν|2z (5)
where ν ∈ L∗z and where |ν|z is its norm in the metric induced by h. That is, D = {ρ > 0}.
In a local coframe e∗L over U ⊂M we may write ν = λe∗L and then |ν|2z = a(z)|λ|2 where
a(z) = |e∗L|2z is a positive smooth function on U . Thus in local holomorphic coordinates
(z, λ) on L∗ the defining function is given by ρ = 1 − a(z)|λ|2. We will denote the S1
action by rθx and its infinitesimal generator by
∂
∂θ . We note that ρ is S
1-invariant.
Let us denote by T ′D,T ′′D ⊂ TD ⊗ C the holomorphic, resp. anti-holomorphic
subspaces and define d′f = df |T ′ , d′′f = df |T ′′ for f ∈ C∞(D). Then X inherits a CR
structure TX ⊗ C = T ′ ⊕ T ′′ ⊕ C ∂∂θ . Here T ′X (resp. T ′′X) denotes the holomorphic
(resp. anti-holomorphic vectors) of D which are tangent to X . They are given in local
coordinates by vector fields
∑
aj
∂
∂z¯j
such that
∑
aj
∂
∂z¯j
ρ = 0. A local basis is given by
the vector fields Zkj =
∂
∂z¯j
− ( ∂ρ∂z¯k )−1(
∂ρ
∂z¯j
) ∂∂z¯k (j 6= k.)
The Cauchy-Riemann operator on X is defined by
∂¯b : C
∞(X)→ C∞(X, (T ′′)∗), ∂¯bf = df |T ′′ . (6)
In terms of the local basis above, it is given by
∂¯bf =
∑
j 6=k
Zkj fdz¯j|T ′′ . (7)
Also associated to X are
• the contact form α = 1i d′ρ|X = − 1i d′′ρ|X
• the volume form dµ = α ∧ (dα)n
• the Levi form Lρ(z) =
∑ ∂2ρ
∂zj∂z¯k
zjz¯k.
• the Levi form on X LX = Lρ|T′⊕T′′∩TX
(8)
which are independent of the choice of ρ. The Levi form on X is related to dα = pi∗ωg
by: LX(V,W ) = dα(V, W¯ ). Since ωg is Ka¨hler, D is a strictly pseudoconvex domain.
The Hardy spaceH2(X) is the space of boundary values of holomorphic functions onD
which are in L2(X), or equivalentlyH2 = (ker ∂¯b)∩L2(X). The S1 action commutes with
∂¯b, hence H
2(X) = ⊕∞N=1H2N (X) where H2N (X) = {f ∈ H2(X) : f(rθx) = eiNθf(x)}.
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A section s of L determines an equivariant function sˆ on L∗− 0 by the rule: sˆ(z, λ) =
〈λ, s(z)〉 ( z ∈ M,λ ∈ L∗z.) It is clear that if τ ∈ C∗ then sˆ(z, τλ) = τ sˆ. We will usually
restrict sˆ to X and then the equivariance property takes the form: sˆ(rθx) = e
iθ sˆ(x).
Similarly, a section sN of L
⊗N determines an equivariant function sˆN on L∗ − 0: put
sˆN (z, λ) = 〈λ⊗N , sN (z)〉 where λ⊗N = λ ⊗ λ ⊗ · · · ⊗ λ. The following proposition is
well-known:
Proposition 5. The map s 7→ sˆ is a unitary equivalence between H0(M,L⊗N ) and
H2N (X).
As above, we let ΠN : L
2(X) → H2N (X) denote the orthogonal projection. Its kernel
is defined by
ΠNf(x) =
∫
X
ΠN (x, y)f(y)dµ(y). (9)
This definition differs from that of [B.S] in using dµ as the reference density.
2.2. Line bundles and maps to projective space. Since the definitions of the various
maps φN , φ˜N ,ΦN , Φ˜N involve some identifications, we pause to recall some basic facts
about maps to projective space [[G.H], I.4].
Let E →M denote a holomorphic line bundle. Since we are interested in E = L⊗N for
large N we may assume that not all sections s ∈ H0(M,E) vanish at any point z ∈ M.
Then the space of sections vanishing at z forms a hyperplane Hz in H
0(M,E) and one
can define a map ιE :M → P(H0(M,E))∗ by z → Hz. Here P(H0(M,E))∗ denotes the
dual projective space of linear functionals on H0(M,E) modulo scalar multiplication.
Now equip E with a Hermitian metric h andM with a volume form, and let 〈, 〉 denote
the induced inner product on H0(M,E). Then choose an orthonormal basis {s0, . . . , sm}
of H0(M,E) with respect to 〈, 〉. Also, choose a local holomorphic frame eE and write
sj = fjeE. Then the point of P
m with homogeneous coordinates [f0(z), . . . , fm(z)] is
independent of eE and defines a map φE : M → CPm. The same basis also gives
an identification Pm ≡ P(H0(M,E))∗ by writing a linear functional in the dual basis
{s∗0, . . . , s∗m} of H0(M,E)∗. We observe that under this identification, φE ≡ ιE : for
Hz = {
∑
j ajsj :
∑
j ajfj(z) = 0} = ker (
∑
j fj(z)s
∗
j )↔ [f0(z), . . . , fm(z)].
Next, recall that the Ka¨hler form ωFS of the Fubini-Study metric gFS on CP
m is given
in homogeneous coordinates [w0, . . . , wm] by ωFS =
√−1
2pi ∂∂¯ log(
∑m
j=0 |wi|2). Hence
φ∗EωFS =
√−1
2pi
∂∂¯ log(
m∑
j=0
|fj |2). (10)
It is easy to see that this form is independent of the choice of orthonormal basis.
2.3. The maps φN , φ˜N ,ΦN , Φ˜N . Now let us return to our setting. We fix a local holo-
morphic section eL of L over U ⊂ M . It induces sections eNL of L⊗N |U and we write
SNi (z) = f
N
i (z)e
N
L (z) for a holomorphic function f
N
i on U . By the above we have:
φ˜∗N (ωFS) = φ
∗
N (ωFS) =
√−1
2pi
∂¯∂ log(
dN∑
j=0
|fNj |2). (11)
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The definition is independent of the choice of eNL .
Since SNi is a holomorphic section of L
⊗N , SˆNi is an equivariant CR function of level
N , i.e. SˆNi ∈ H2N (X). We will need a series of formulae relating expressions in SNi to
expressions in SˆNi . Let us introduce local coordinates (z, θ) on X on the domain U of the
unitary frame eL|eL| by (z, θ) 7→ (z, rθ
eL
|eL|).
Proposition 6. ||SNj (z)||2hN = |SˆNi (x)|2 for any x with pi(x) = z.
Proof:
By definition,
SˆNi (z, u) = 〈uN , SNi (z)〉 = fNi (z)〈uN , eNL (z)〉 = fNi (z)a
N
2 (z)〈u, eL|eL| (z)〉
N .
(12)
In the above local coordinates, we get SˆNi (z, θ) = f
N
i (z)a(z)
N
2 eiNθ. Hence |SˆNi (z, θ)|2 =
a(z)N |fNi (z)|2. This obviously equals ||SNj (z)||2hN .
Proposition 7. {SˆiN} is an orthonormal basis of H2N (X).
Proof:
Let dVg = ω
n
g be the volume form of (M, g). Then we have:
〈SNα , SNβ 〉 :=
∫
M hN(S
N
α , S
N
β )dVg =
∫
M a
N (z)fNi (z)f¯
N
j (z)dVg
=
∫
X Sˆ
N
α Sˆ
∗N
β dµ
where dµ = α ∧ dαn. In the latter step we use that α ∧ dαn = dθ ∧ pi∗ωng . This follows
from the fact dα = pi∗ω and that α = dθ + η where η only involves dz, dz¯.
We further have:
Proposition 8. 1N φ
∗
NωFS = ωg+
√−1
2piN ∂∂¯ log(
∑dN
j=0 ||SNj ||2hN ) =
√−1
2piN ∂b∂¯b log(
∑dN
j=0 |SˆNj |2)+
ωg.
Proof:
The first statement follows by writing ||SNj (z)||2hN = aN(z)|fNj (z)| and using that√−1
2piN ∂∂¯ log a
N = ωg. To prove the second statement, we note that
∑dN
j=0 |SˆNj |2 and
∂b∂¯b log(
∑dN
j=0 |SˆNj |2) are S1-invariant and hence may be identified with functions on M .
In the latter case, this uses the fact that the S1 action commutes with ∂b, i.e. acts by CR
automorphisms. The statement then follows from the general fact that pi∗∂bpi∗f = ∂f for
any f ∈ C∞(M), where pi∗F denotes the function onM corresponding to an S1-invariant
function F on X .
Now let us rewrite these relations in terms of the Szego¨ projectors ΠN .
Proposition 9. 1N φ
∗
NωFS = ωg +
√−1
2piN ∂b∂¯b logΠN (x, x).
Proof:
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We first observe that
ΠN (x, y) =
dN∑
i=0
SˆNi (x)Sˆ
N∗(y) (13)
or, in local coordinates,
ΠN (z, θ, w, θ
′) = a(z)
N
2 a(w)
N
2 eiN(θ−θ
′)
dN∑
i=0
fNi (z)f¯
N
i (w). (14)
Hence we have
(a)
∑dN
j=0 ||SNj (z)||2hN = ΠN (z, 0, z, 0)
(b)
√−1
2piN ∂∂¯ log(
∑dN
j=0 ||SNj ||2hN ) =
√−1
2piN ∂b∂¯b log ΠN (z, 0, w, 0).
(15)
Together with Proposition 8 this completes the proof.
Corollary 10. The statement of Corollary 2 is equivalent to: ||∂¯b∂b logΠN (x, x)||Ck =
O(1).
3. Parametrix for the Cauchy-Szego¨ kernel
Now we recall the necessary background on the Szego¨ kernel Π(x, y) for a strictly
pseudoconvex domain. The following theorem states that it is a Fourier integral operator
of complex type, or more precisely a Toeplitz operator in the sense of Boutet de Monvel-
Guillemin [B.G]. The notation below differs from [B.S] in that n+ 1 = dimCD.
Theorem 11. ([B.S], Theorem 1.5 and §2.c. Let Π(x, y) be the Szego¨ kernel of the
boundary X of a bounded strictly pseudo-convex domain Ω in a complex manifold L.
Then there exists a symbol s ∈ Sn(X ×X × IR+) of the type
s(x, y, t) ∼
∞∑
k=0
tn−ksk(x, y)
so that
Π(x, y) =
∫ ∞
0
eitψ(x,y)s(x, y, t)dt
where the phase ψ ∈ C∞(D ×D) is determined by the following properties:
• ψ(x, x) = 1i ρ(x) where ρ is the defining function of X.
• d′′xψ and d′yψ vanish to infinite order along the diagonal.
• ψ(x, y) = −ψ(y, x).
More precisely, the phase is determined up to a function which vanishes to infinite
order at x = y. The integrals are regularized by taking the principal value (see [B.S]).
The second condition states that ψ(x, y) is almost analytic. Roughly speaking, ψ is
obtained by Taylor expanding ρ(z, z¯) and replacing all the z¯’s by w¯’s. More precisely,
the Taylor expansion of ψ near the diagonal is given by
ψ(x+ h, x+ k) =
1
i
∑ ∂α+βρ
∂zα∂z¯β
(x)
hα
α!
k¯β
β!
.
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We note that Theorem 1.5 of [B.S] is stated only in the case where L = Cn. But in [B.S](
§2.c, especially (2.17)) it is extended to general complex manifolds.
The simplest example is that of the unit ball in Cn+1 in which case the above formula
has the form
K∂B(z, w) =
1
(1 − 〈z, w〉)n+1 =
∫ ∞
0
eitψ∂B(z,w)tndt
with ψ∂B(z, w) = 1− 〈z, w〉.
The above result states that Π is a Fourier integral operator with complex phase, in
the class I0c (X×X,C+), where C+ is the canonical relation C+ ⊂ T ∗X×T ∗X generated
by the phase tψ(x, y) on X ×X × IR+. Its critical points are the solutions of ddt(tψ) = 0,
i.e. ψ = 0 and on the diagonal of X ×X one has
dxψ = −dyψ = 1
i
d′ρ|X . (16)
In particular, the real points of C+ consist in the diagonal of Σ+ × Σ+ where Σ+ =
{(x, rα) : r > 0} is the cone generated by the contact form α = 1i d′ρ. In the terminology
of [B.G], Π is a Toeplitz structure on the symplectic cone Σ+.
The principal term s0(x, y) was also determined in [B.S (4.10)], using that Π is a
projection. On the diagonal one has
s0(x, x)dµ(x) =
1
4pin
(det LX)||dρ||dx (17)
where LX = Lρ|T ′⊕T ′′∩TX is the restriction of the Levi form to the maximal complex
subspace of TX.
4. Proof of the Theorem 1
The weight space projections ΠN are Fourier coefficients of Π and hence may be
expressed as:
ΠN (x, y) =
∫ ∞
0
∫
S1
e−iNθeitψ(rθx,y)s(rθx, y, t)dtdθ (18)
where rθ denotes the S
1 action on X . Changing variables t 7→ Nt gives
ΠN (x, y) = N
∫ ∞
0
∫
S1
eiN(−θ+tψ(rθx,y)s(rθx, y, tN)dtdθ. (19)
From the fact that Imψ(x, y) ≥ C(d(x,X)+ d(y,X)+ |x− y|2+O(|x− y|3) (see [B.S],
Corollary (1.3)) it follows that the phase
Ψ(t, θ;x, y) = tψ(rθx, y)− θ. (20)
has positive imaginary part. Here, d(x,X) is the distance from x to X and |x−y| is a local
Euclidean metric. It follows that the integral is a complex oscillatory integral. Before
analysing its asymptotics we simplify the phase. As above, we choose a local holomorphic
co-frame e∗L, put a(z) = |e∗L|2z, and write ν ∈ L∗z as ν = λe∗L. In the associated coordinates
(x, y) = (z, λ, w, µ) on X ×X we have:
ρ(z, λ) = a(z)|λ|2, ψ(z, λ, w, µ) = 1
i
a(z, w)λµ¯ (21)
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where a(z, w) is an almost analytic function on M ×M satisfying a(z, z) = a(z). On
X we have a(z)|λ|2 = 1 so we may write λ = a(z)− 12 eiφ. Similarly for µ. So for
(x, y) = (z, φ, w, φ′) ∈ X ×X we have
ψ(z, φ, w, φ′) =
1
i
(1− a(z, w)
i
√
a(z)
√
a(w)
)ei(φ−φ
′). (22)
4.1. Proof of Theorem 1. On the diagonal x = y we have ψ(rθx, x) =
1
i (1− a(z,z)a(z) eiθ) =
1
i (1− eiθ). So
Ψ(t, θ;x, x) =
t
i
(1− eiθ)− θ. (23)
We have
dtΨ =
1
i (1− eiθ)
dθΨ = te
iθ − 1 (24)
so the critical set is C = {(x, t, θ) : θ = 0, t = 1}. The Hessian Ψ′′ on the critical set
equals (
0 1
1 i
)
so the phase is non-degenerate and the Hessian operator is given by LΨ = 〈(Ψ′′(1, 0)−1D,D〉 =
2 ∂
2
∂t∂θ − i ∂
2
∂t2 . It follows by the stationary phase method for complex oscillatory intgrals
that
ΠN (x, x) ∼ N 1√
det(NΨ′′(1, 0)/2pii)
∞∑
j,k=0
Nn−k−jLjsk(x, x) (25)
where Lj is a differential operator of order 2j defined by
Ljsk(x, x) =
∑
ν−µ=j
∑
2ν≥3µ
1
2νijµ!ν!
LνΨ[tsk(rθx, x)g
µ(t, θ)]|t=1,θ=0 (26)
with g(t, θ) the third order remainder in the Taylor expansion of Ψ at (t, θ) = (1, 0).More
precisely, for any m ≥ 0, one has by [H I, Theorem 7.7.5] that
|ΠN (x, x)−N 1√
det(NΨ′′(1,0)/2pii)
∑∞
j+k<R N
n−k−jLjsk(x, x)|
≤ CNn−R∑k<R,|α|≤2R−2k ||Dαsk||∞.
(27)
Note that the hypotheses of [H I, loc.cit.] are satisfied since the phase has a non-negative
imaginary part and since its critical points are real and independent of x. Note also that
the expansion can be differentiated any number of times. After some rearrangement, the
series has the form
ΠN (x, x) = N
nCns0(x, x) +N
n−1a1(x, x) + . . . (28)
where Cn is a universal constant depending only on n and where the coefficients s0(x, x), a1(x, x) . . .
depend only on the jets of the terms sk along the diagonal. From the description above
of the leading coefficient s0(x, x) we have (for some other universal constant Cn):
ΠN (x, x)dµ(x) = N
nCnα ∧ ωn +O(Nn−1). (29)
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Relative to the Riemannian volume measure dVg, the coefficient is a (non-zero) constant
a0 times N
n. Comparing to the leading term of the Riemann-Roch polynomial gives that
a0 = 1, concluding the proof of (a).
4.2. Proof Corollary 2. The new element here is that an arbitrary metric G on M ,
or more precisely its volume form dVG, is used to define orthogonality of sections. We
may express dVG = JGω
n for some positive JG ∈ C∞(M) and then express dµG :=
dθ ∧ pi∗dVG = JGα∧ dαn. Let ΠG : L2(X, dµG)→ H2(X, dµG) denote the corresponding
orthogonal projection and let ΠGN denote the Fourier components. The Boutet de Monvel-
Sjo¨strand parametrix construction applies to ΠG just as well as to Π, the only difference
lying in their symbols. The principal symbol for ΠG equals ||dρ||detLGX where detLGX is
the determinant relative to dµG, that is, detL
G
X =
ωn
dµG
= J−nG . Clearly this is equal to
the determinant of ω = Ric(h) relative to dVG. Hence we get
ΠGN (x, x) = CnN
ndetGRic(h)(x)[1 +O(
1
N
)]. (30)
Corollary 2 follows immediately from this and from
|ξ|2FS,N =
|ξ|2
|SN0 (x)|2 + · · ·+ |SNN (x)|2
for ξ ∈ ENx . (31)
It is equivalent to the statement (cf.[Bou.1, Theoreme Principal] [D, §4])∑
|SNj (x)|2 ∼ Nn(2pi)−n|α1(x) . . . αn(x)|
where αj(z) are the eigenvalues of ic(L) = Ric(h) relative to G
4.3. Proof of Corollary 3. Because ΦN is a CR map, the asymptotics of the deriva-
tives follow immediately from the asymptotics of ΠN (x, x). Indeed, ∂b∂¯b logΠN (x, x) =
∂b∂¯b logΠN (x, y)|y=x.
By (a) we have
logΠN (x, x) = log(N
ns0(x, x)[1 +N
−1 s1
s0
+ . . . ])
= n logN + log s0(x, x) + log[1 +N
−1 a1
s0
+ . . . ]) = n logN + log s0(x, x) +O(
1
N ).(32)
By differentiating the expansion we get
∂b∂¯b logΠN (x, x) = ∂b∂¯b log s0(x, x) +O(
1
N
) = O(1). (33)
References
[A] M.F.Atiyah, The Geometry and Physics of Knots, Lezioni Lincee, Cambridge Univ.Press, Cam-
bridge (1990).
[B.F.G] M.Beals, C.Fefferman and R.Grossman, Strictly pseudoconvex domains in Cn, Bull.AMS 8
(1983), 125 - 322.
[Bis] J-M.Bismut, Demailly’s asymptotic Morse inequalities: a heat equation proof, J.Funct.Anal.
72 (1987), 263-278.
[Bis.V] J-M.Bismut and E.Vasserot, The asymptotics of the Ray-Singer analytic torsion associated with
high powers of a positive line bundle, Comm.Math. Phys. 125 (1989), 355-367.
SZEGO KERNELS AND A THEOREM OF TIAN 11
[B.U] D.Borthwick and A.Uribe, Almost complex structures and geometric quantization,
Math.Res.Letters 3 (1996), 845-861.
[Bou.1] T.Bouche, Convergence de la metrique de Fubini-Study d’un fibre lineaire positif, Annales de
l’Institut Fourier (Grenoble) 40 (1990), 117- 130.
[Bou.2] T.Bouche, Asymptotic results for hermitian line bundles over complex manifolds: the heat
kernel approach, in Higher-dimensional Complex Varieties (Trento, 1994), 67-81, de Gruyter,
Berlin (1996).
[B.G] L.Boutet de Monvel and V.Guillemin, The Spectral Theory of Toeplitz Operators,
Ann.Math.Studies 99, Princeton U.Press (1981).
[B.S] L.Boutet de Monvel and J.Sjo¨strand, Sur la singularite des noyaux de Bergman et de Szego¨,
Asterisque 34-35 (1976), 123-164.
[D] J.P.Demailly, Holomorphic Morse inequalities, in: Several Complex Variables and Complex
Geometry, Part 2 (S.G.Krantz, ed.), AMS Proceedings of Symposia in Pure Math. 52 (1991),
93-114.
[Don] S.Donaldson, Symplectic submanifolds and almost complex geometry, J.Diff. Geom. 44 (1996),
666-705.
[G] E.Getzler, An analogue of Demailly’s inequality for strictly pseudo-convex CR manifolds,
J.Diff.Geom. 29 (1989), 231-244.
[G.H] P.Griffiths and J.Harris, Principles of Algebraic Geometry, Wiley-Interscience, N.Y. (1978).
[G.S] V.Guillemin and S.Sternberg, Symplectic Techniques in Physics, Cambridge Univ.Press, Cam-
bridge (1984).
[H] L.Ho¨rmander, The Analysis of Linear Partial Differential Operators, Grund.Math.Wiss. 256,
Springer-Verlag, N.Y. (1983).
[Ji] S.Ji, Inequality for distortion function of invertible sheaves on Abelian varieties, Duke Math.
J. 58 (1989), 657-667.
[K] G.Kempf, Metrics on invertible sheaves on Abelian varieties (1988).
[S.Z] B.Shiffman and S.Zelditch (in preparation).
[T] G.Tian, On a set of polarized Kahler metrics on algebraic manifolds, J.Differential Geometry
32 (1990), 99 - 130.
[W] E.Witten, Quantum field theory and the Jones polynomial, Comm.Math. Phys. 121 (1989),
351-399.
[Z] S.Zelditch, Fine structure of Zoll spectra, J.Funct.Anal 143 (1997), 415-460.
Department of Mathematics, The Johns Hopkins University, Baltimore, Maryland 21218
